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In the last couple of years there has been a growing interest in two dimensional field theories possessing conformal symmetry for their applications to two dimensional statistical systems at critical points 1 )- 7) and to (super)string theories.
8H l) Of paramount importance in such theories is the role played by the energy momentum tensor. Infinitesimal conformal transformations are generated by the energy momentum tensor and the infinitesimal transformation law of the energy momentum tensor itself is equivalent to the algebra of conformal invariance, i.e., the Virasoro algebra.
There is a natural question one can raise: How does the energy momentum tensor transform under not an infinitesimal but a finite conformal transformation? In the seminal paper of Belavin, Polyakov and Zamolodchikov,l) it has been noted that under a finite conformal change of coordinates z-> w=u(z) the energy momentum tensor Tzz(z) should transform as:
Here {w, z}z==(d
2 )/(dw/dz)F is the Schwarzian derivative and c is the central charge, the value of which characterizes the nature of the physical model considered. In fact, the transformation law (1) which is equivalent to the Virasoro algebra in the infinitesimal case, can be confirmed through the study of well-known examples. The most obvious one would be the Liouville field theory. Since the energy momentum tensor of this theory is, up to a multiplicative constant, given by the Schwarz ian derivative, Eq. (1) follows immediately from the well-known property of the Schwarzian derivative. (See Eq. (33).) This is an interesting example of a theory with a classically non vanishing central charge. Another example is the theory of a massless scalar field X(z). The energy momentum tensor is given by conformal tensor of weight two, but satisfy the inhomogeneous transformation law of Eq. (1) A very notable feature of this system is that there is an anomalous U(I) current defined by
; , -z (4) which also transforms inhomogeneously under a conformal change of coordinates:
Here we have set {w, z}I=(d 2 w/dz 2 )/(dw/dz) and q=I-2A.
Closely related to the Virasoro algebra is the current algebra or the affine Lie algebra which appears, for instance in the Wess-Zumino-Witten model. 
... h-1 (Z)g-I(Z, z) for a G-valued analytic function h(z).
It is easy to see that, under this gauge transformation, J=Jz(z)dz transforms as: (6) which, in the infinitesimal case, carries the same information as the affine Lie algebra il.
Since currents are generators of local algebras,13) any information about how currents should transform under gauge (coordinate) transformations must be available from the knowledge of how local algebras change under such transformations. As we shall see the Schwinger terms in the algebras are not in general invariant under change of gauges (coordinates) but shift by coboundaries. This fact will be related to the finite gauge or coordinate transformation laws of currents (1), (5) and (6) which are of course basic and familiar but seem not be well discussed in the literature.
We consider three algebras in what follows. The first one is the Virasoro algebra :14) The contour in the integral encircles the origin counterclockwisely. (Unless otherwise stated, our discussion below will be developed on the complex plane.) The usual Virasoro operators are given by: Ln = LF=-zn+laz (nEZ). The relation between the charge LF and the energy momentum tensor Tzz(z) is (9) The second algebra we need is the Virasoro-U(l) current algebra. The part relevant in our later discussion of this algebra is
1Jf(F, r)= 4!ri jdZ( :;r(z) )r(z) .
(10) (11) iF is the Virasoro operator of this algebra. The charge I, is expressed by the U(l)
The third algebra we discuss is the (untwisted) affine Lie algebra. Let g be the Lie algebra associated with a compact connected simple Lie group G having totally antisymmetric structure constants rbe(a, b, c=l, "', dim g). We fix a matrix representation with a basis {ta}:
[t a , t b ]= faber. (13) Then the corresponding (untwisted) affine Lie algebra g is given by (14) x(a,
The relation between the charge Ka and
What we would like to investigate are the behaviors of the algebras (7), (10) and (14) under gauge or coordinate transformations. There is a natural conformal coordinate transformation z-+ w = u(z) and, for the affine Lie algebra (14) , a natural gauge transformation a--4a h =h-1 ah, j3--4j3h=h-1j3h where h=h(z) is a G-valued analytic function. The crucial point in our arguments is that the Schwinger terms (2-cocycles) (8) , (11) and (15) 
which take the same forms as our original algebras (7), (10) and (14) . On the other hand, the gauge transformed charges LF u , I,u and K/ should be expressed by the gauge transformed currents:
Comparison of (23), (24) and (25) with (29), (30) and (31) naturally leads to the transformation laws of currents (1), (5) and (6) which are what were to be shown. To sum up, local algebras (7), (10) and (14) are not invariant under a change of gauges (coordinates) since the Schwinger terms are not so. To obtain the same algebras after gauge (coordinate) transformations one must shift the charges by c-numbers which depend on the transformations. These shifts in the charges imply the inhomogeneous transformation laws of currents (1), (5) and (6) . (Of course one can also reach (1), (5) and (6) by studying the behaviors of OPE corresponding to the algebras (7) , (10) and (14) with a bit more messy calculation.) As an example, consider the case of the Virasoro algebra. The Virasoro operators shift under a conformal transformation z~ u(z):
This may be interpreted as a finite size effect (a sort of Casimir effect) pointed out recently as a simple means of determining the values of c for two dimensional statistical systems at critical points. 5 ), 6) As is clear from the above equation, this effect (especially the shift of the energy operator Lo) depends explicitly on the geometry of the system, Le., on the conformal transformation z--> u(z). If, on the other hand, string theory is our concern, this effect would be undesirable since string theory must be independent of parametrizations. Thus to obtain a parametrization independent theory one is led to require that the total central charge of the Virasoro algebra vanish, Le., that strings move in the critical dimensions.
Returning to the transformation laws (1), (5) and (6) , let us discuss the consistency conditions. Changing coordinates from z to wand then to r; must give the same result as changing directly from z to r;. Similarly, two successive gauge transformations hl-I and then h2 -I must give the same consequence as the single transformation h2 -I hi-I. These are ensured by the following 1-cocycle conditions which can be easily verified: 15) _ .
( (v=l, 2) .
N ow we shall discuss some immediate consequences of the transformation laws of currents.
Particularly noteworthy is the connection between the transformation law (5) ; p) ] is the intensity of "circulation" around p (taking the counterclockwise direction as positive). We now prove that
For this purpose, note that the current ; z(z) defined by (37) satisfies (5) . Here wz(z)dz is any meromorphic I-form. Thus the total residue of
where we have used the well-known fact that the degree of the canonical divisor (w) is equal to 2g-2. As is clear from (5), the difference (jz(z)-;z(z))dz is a meromorphic I-form. Noting that the total residue of a meromorphic I-form is equal to zero, we obtain
This completes the proof of (36). The relation (36) 
It should be noted that the RHS is always an integer and hence this relation makes sense. The formula (40) is the celebrated' Riemann-Roch theorem which has been much discussed in the context of string theories. It is perhaps worth mentioning that the inhomogeneous transformation laws (1), (S) and (6) closely resemble the transformation laws of connections. (In mathematical terms, an object which obeys the transformation law (1) ((S» is called a projective (an affine) connection. IS» Thus a natural question would be: What look like "covariant derivatives"? By a covariant derivative we mean a differential operator which maps a conformal tensor to that of higher conformal weight. So such derivatives are necessarily related to the degenerate representations of the Virasoro algebra.
I ),2) For instance, by a straightforward calculation one obtains that In conclusion, we studied the finite inhomogeneous transformation laws of currents by examining how the corresponding local algebras change. We also discussed some immediate consequences of such transformation laws.
